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Abstract. We study high frequency stationary solutions of the damped wave equation on a 
compact and smooth Riemannian manifold without boundary. For any damping parameter 
■- - ■ we describe concentration properties of /3-damped eigenmodes in neighborhoods of a fixed small 

' hyperbolic subset A made of classically /3-damped trajectories. Precisely, for any < e < ^, 

ff^ _ we prove that, in the high frequency limit — > +00, a sequence of such modes cannot be 

, completely localized in a small tube of size h" around A. 

The article also includes an appendix (by S. Nonnenmacher and the author) where we estab- 
lish the existence of an inverse logarithmic strip without eigenvalues below the real axis, under 
a pressure condition on the set of undamped trajectories. 

<' 

^' 

» 

1. Introduction 

Let M be a smooth, connected, compact Riemannian manifold of dimension d > 2 and without 
boundary. We wih be interested in the high frequency analysis of the damped wave equation, 

>; (1) {d^^A + 2aix)dt)vix,t) = 0, 

■ where A is the Laplace-Beltrami operator on M and a e C°°(A/, M) is the damping function. The 
case of damping corresponds actually to a > but our results will be valid for any real valued 
function a. Our main concern in this article is to study asymptotic properties of solutions of the 
form 

v{t, x) — e~**'^UT-(x), 

^SJ . where t belongs to C and Ut{x) is a non trivial element in L?{M). Such a mode is a solution 

of ID) if one has 

(2) (-A - - 2iTa)ur = 0. 

■ From the spectral analysis of ([1]), there exist countably many (tm) solving this nons elf adjoint 
eigenvalue problem. One can also verify that their imaginary parts remains in a bounded strip 
parallel to the real axis and they satisfy lim„^+oo Re r„ = ±00 [551 IIZl 121] ■ We also recall that 
(t,Ut) solves the eigenvalue problem ([2]) if and only if (— r, Mt) solves it (2T|. Our main concern 
in the following will be to describe some asymptotic properties of sequences (t„,u„)„ solving ^ 
with 

Re Tn — > +00 and Im t„ — /3, 
where /3 G M. Very general results on the asymptotic distribution of the r„ and its links with the 
properties of ([T]) have been obtained by various authors. For instance, in a very general context, 
Lebeau related the geometry of the undamped geodesies, the spectral asymptotics of the t„ and 
the energy decay of the damped wave equation ^20j. Related results were also proved in several 
geometric contexts where the family of undamped geodesies was in some sense not too big: closed 
elliptic geodesic [T7] , closed hyperbolic geodesic fTT\ 1^1 , subsets satisfying a condition of negative 
pressure [26. .271 [21] . Concerning the distribution of the r„, Sjostrand gave a precise asymptotic 
description of the r„ on a general compact manifold [28]. We also refer the reader to [16] in the 
case of Zoll manifolds and to '2\ in the case of negatively curved manifolds. 



This work has been partially supported by the grant ANR-09-JCJC-0099-01 of the Agence Nationale de la 
Recherche. 
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1.1. Semiclassical reduction. We will mention more precisely some of these results related to 
ours but before that we would like to proceed to a semiclassical reformulation of our problem as it 
was performed in |28| . Thanks to the different symmetries of our problem, we can restrict ourselves 
to the limit Re t — >■ +00. We will look at eigenfrequencies r of order (where < ft ^ 1 will 
be the semiclassical parameter of our problem) and we will set 

\/2z 1 

where z{h) = - + 0{h). 



h ' ^ ' 2 

In the following, we will often omit the dependence of z{h) = 2: in ft in order to simplify the 
notations. Thanks to this change of asymptotic parameters, studying the high frequency modes 
of the problem © corresponds to look at sequences (^(ft) = 5 + C(^))o<ri<i and {i/jh)()<h^i in 
satisfying 

(3) ('P(ft, z) ~ z{h))ipn, = 0, where ^(ft, z) ihy/2z{h)a{x). 

Recall that, for every t in M, the quantum propagator associated to V{h, z) is given by 

(4) exp ( ^ 

It was proved by Markus-Matsaev and Sjostrand that the "horizontal" distribution of the 
eigenvalues of ^(ft, z) satisfies a Weyl law in the semiclassical limit ft — >■ - see Theorem 5.2 
in [55] for the precise statement. Translated in this semiclassical setting, our goal is to describe 
asymptotic properties of a sequence of normalized eigenmodes {Tph)h^o+ satisfying ([3]) with 

z(fi) = i + 0{h) and l!!LfM = /3 + 0(1), 

as ft — >■ 0. A way to study these eigenmodes is to look at the following distributions on T*M [8ll3T|: 

(5) V6 G Cr(r*Af), ^^,(6) := {i>n,Ovn{b)^n) mM). 

where Op^(6) is a ft-pscudodifferential operator (see section [5] for a brief reminder). Under our 
assumptions, one can prove that, as ft tends to 0, /x^^ converges (up to an extraction) to a 
probability measure /i on the unit cotangent bundle S*M = {{x, ^) e T*M : \\£\\x — 1}- Moreover, 
this probability measure satisfies the following invariance relation: 



where is the geodesic flow on S*M. Such a probability measure is called a semiclassical measure 
of the sequence {iph)h^Q+ [8ll31j and one can verify that the support of such a measure is invariant 
under the geodesic flow. Following [SQlEHlll], one can introduce the following dynamical quantities: 



1 r 

A+= hm - sup - / aog''{p)ds, 

T-J-+00 J peS'-M Jo 

and 



1 . f 

A- — lim — inf — / aoq^(p)ds. 
T^+ooT peS'M Jo ^ 



Then, /3 S As in the selfadjoint case, one can try to understand properties of these 

semiclassical measures - see [5] for some general results. For instance, if {7} is a periodic orbit 
on which the Birkhoff average of —a is not equal to (3, then one has /i({7}) = 0. However, if the 
Birkhoff average along 7 is equal to (3, this can be no longer true. When specified in the case of 
hyperbolic periodic orbits, our main result will give informations on this kind of issues. 



For simplicity of exposition, we only deal with operators of this form. However, our approach could in principle 
be adapted to treat the case of more general families of nonselfadjoint operators like the ones considered in |28| . §1. 
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1.2. Results in the selfadjoint case. Before stating our result, we would like to recall related 
results in the selfadjoint case a = - see also [30], section 5 for a more detailed account on the 
results we will mention. In this case, it means that we look at eigenfunctions of the Laplacian on 
M in the large eigenvalue limit. 

In [13], Colin de Verdiere and Parisse have exhibited geometric situations where one can find 
sequence of eigenmodes {'>ph)h>o whose semiclassical measure is an invariant probability measure 
carried by an hyperbolic periodic orbit 7. Yet, they show that if such a concentration occurs, it 
must at happen at a slow rate. Precisely, they prove that if t/ is a fixed small neighborhood of 
their geodesic 7, then there exists a positive constant C such that 

C 

\^n{x)\'^dvo\M{x) > -j TV, as h^O. 

M\u I log 'A 

This result has been generalizecQ to more general Hamiltonian flows involving a hyperbolic closed 
geodesic by Burq-Zworski [TUl and Christianson [TI]. In [53], Toth and Zelditch also consider a 
related question and they look at the concentration of eigenmodes in shrinking tubes in S*M of 
size around a closed hyperbolic geodesic (where < V < i) - see also paragraph 5.1 of [30] . 
Roughly speaking, they prove that, in their specific geometric situation (completely integrable 
flow), not all the mass of the eigenmodes can be localized on such shrinking tubes. In this article, 
we will consider similar questions for more general hyperbolic subsets and for stationary modes of 
the damped wave equation. 

Finally, under a global assumption on the geodesic flow (namely it should be Anosov), Anan- 
tharaman proved that semiclassical measures associated to eigenmodes of A cannot be completely 
carried by closed orbit of the geodesic flow (which are hyperbolic in this case) ^1 . In our main 
statement, we will not make any global assumption on the dynamical properties of the geodesic 
flow and it would be interesting to understand how Anantharaman's statement could be extended 
to the damped wave equation - see [24j for results in this sense. 

1.3. Statement of the main result. We now turn back to eigenmodes of the damped wave 
equation. We underline that, to the knowledge of the author, even if there is an important 
literature concerning eigenfunctions of the Laplacian on M, much less seems to be known on the 
asymptotic description of eigenmodes for the damped wave equation. Our results concerning these 
questions will be here of two types: 

• we extend the study of concentration in shrinking tubes of size /i" to more general hyper- 
bolic subsets satisfying a condition of negative topological pressure; 

• we consider the situation where a is a general smooth and real valued function on M (and 
not only the case a = 0). 

As it will be involved in the statement of our main result, we recall now what is the topological 
pressure. Let A be a compact and hyperbolic subset of S*M invariant under the geodesic flow 5*. 
For any e > and T > 0, we say that the subset F in A is (e, r)-separated if, for any p and p' in 
F, 

VO < t < T, d{g*p, g'p') <e =^ p ^ p' . 

Then, we can define the topological pressure of the subset A with respect to \ log J" where J" is 
the unstable Jacobian - see paragraph 12.11 below. It is defined as 



1. .. .. 1 




T 



Ptop (^A, g , - log J" j := Irni lim sup - log sup "( 2^ exp ( - / log J" o 5* {p)ds 

where the supremum is taken over all (e, T)-separated subsets F . In this definition, we have two 
phenomena. On the one hand, the Birkhoff average of ^ log J" leads to exponentially small terms 
when T — > 00; on the other hand, depending on the complexity of the dynamics on A, the cardinal 
of F could grow exponentially when T — >■ 00. Thus, saying that the topological pressure is negative 
means that the contribution of the first quantity is more important. If A is a (or a collection of) 
closed hyperbolic geodesies, then Ptop (A, 5*, ^ log J") is negative. 



As pointed out at the end of the appendix, our proof also allows to recover (and to generalize) this result. 



4 



GABRIEL RIVIERE 



We say that a function is (A, h, v)- localized if it is a cutoff function in a ^t^-neighborhood of A 
— see § [nun] for a precise definition. We can now state our main result. 

Theorem 1.1. Suppose A is a compact, invariant, hyperbolic subset satisfying 

Ptop (^A,g*,ilogJ"^ <0, 

and such that 

(6) sup- [ aog'{p)ds < PT + 0[l) whenT^+oo. 

peA Jo 

Fix < F < ^ and a (A, ?i, I7)-localized function QA,h,v- 

Then, there exists a constant c\_a.v < 1 such that, for any sequence {ipfi)h-^o+ "/ eigenmodes 
satisfying (0) with 

z{h) = ^+0{h) and >l3 + o{\\ogh\-^) , as H 0+ , 

one has 

limsup (Op;^ (6A,?i.77) V'a, V'ft) < CA.a.v < 1- 

We underline that we allow the imaginary parts of z{h) to go a little bit below the horizontal 
axis {Imz = S/3}. Precisely, we authorize an error of order o(?i| log fi.|^^), that will be crucial 
for the results proven in the appendix. A more comfortable statement is given by the following 
corollary which can be deduced □ from Theorem ll.il 

Corollary 1.2. Suppose A is a compact invariant hyperbolic subset satisfying 

Ptop (^A,g\^\ogr^ <0. 

Suppose also that there exists a positive constant C such that 

VT > 0, V/9 e A, -C + /3T < - /" ao g%p)ds <PT + C. 

Jo 

Fix < 17 < ^ and a (A, /i, I7)-localized function QA,h,v- 

Then, there exists a constant CA,a,-u < 1 such that, for any sequence {iph)h^o+ of eigenmodes 
satisfying with 

z{h) i + 0{h) and I^^LlM ^ /3 + o (1) ^ as h Q+ , 

one has 

limsup (Op;^ {QA,h.v) V's, V'n) < Ch,a,v < 1- 

In the selfadjoint case a = 0, this corollary slightly improves Toth-Zelditch's result as we only 
impose the hyperbolic subsets to satisfy a condition of negative topological pressure. A default 
of our approach is yet that the upper bound CA,a,v is not very explicit compared to the constant 
appearing in |30) - section 5. Our interest in proving this result was also to show that this property 
remains true in the nonselfadjoint case where a is non constant. As was already mentioned, nothing 
forbids a priori that eigenmodes with damping parameter /3 concentrate on a /3-damped closed 
geodesicQ: coroUar v 11.21 prevents fast concentration on such orbits if they are hyperbolic. 

If the geodesic flow is ergodic for the Liouville measure on S*M (manifolds of negative curva- 
ture are the main example), Sjostrand showed that most of the imaginary parts converge to the 
spatial average of —a [28]. Thus, in this case, our result says that if there is a hyperbolic closed 
geodesic with such a Birkhoff average, then eigenmodes cannot concentrate on it too fast. As was 
already pointed out, it would be interesting to understand what can be said under the additional 



•^One should apply Theorem [LT] to both (V, ,9, i/jr) and to (-V, Va)- 

"^In the selfadjoint case (a = 0, /3 = 0), CoUn de Verdiere & Parisse's example satisfies such a property. 
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assumption that the geodesic flow is Anosov on S*M (e.g. if M is of negative curvature). For in- 
stance, can one prove in the Anosov case that semiclassical measures cannot be completely carried 
by a /3-damped closed orbit? 

Finally, we would like to say a few words about the proof. Our argument relies crucially on 
hyperbolic dispersive estimates as they were obtained by Anantharaman and Nonnenmacher in 
the Anosov case [U |4] and by Nonnenmacher and Zworski in the context of chaotic scattering [22] . 
More precisely, we will use a generalization of these properties in a nonselfadjoint setting similar 
to the results obtained by Schenck in pS] . 

These hyperbolic estimates give an upper bound for the growth of "quantum cylinders" asso- 
ciated to ipn and localized near the hyperbolic set A. These cylinders are a kind of analogues in 
a quantum setting of the Bowen balls used in the theory of dynamical systems [111 [23] ■ Under 
our dynamical assumption on A, one can show that the mass of "quantum cylinders" near the set 
A is exponentially small for cylinders of length K. \ \ogh\ (with /C > very large but independent 
of K) - paragraph 13.2.21 Then, the main difficulty is that it is hard to connect these estimates 
for long cylinders to estimates which are valid for shorter cylinders to which we could apply the 
semiclassical approximation, e.g. of length less than the Ehrenfest time kq] log/i| [6] (with kq > 
small independent of K). It turns out that if we restrict ourselves to cylinders that remain in a 
^i^-neighborhood of A, the mass on the quantum cylinders (far from this neighborhood) is posi- 
tive and it satisfies a "subadditive structure" - paragraph 13.2.31 A similar property was already 
observed and used by Anantharaman in a selfadjoint context [1 . In our case, it implies that if 
the mass on the cylinders of length JC \ \ogh\ far from the ^i^-neighborhood is positive, then this 
property remains true for cylinders of shorter length kq | log h\ . This observation is crucial in our 
proof and it allows to get the conclusion using standard semiclassical rules- paragraph 13 . 2 . 41 

Organization of the article. In scction[2l we introduce the dynamical setting of the article. We 
also build an open cover of S* M that will be used to define quantum cylinders in the subsequent 
section. Then, in section [Sj we give the proof of Theorem 11.11 and postpone the proof of several 
semiclassical results to section [4] In section [Sj we give a short toolbox on pseudodifferential 
calculus on a manifold. 

Finally, in an appendix in collaboration with Stephane Nonnenmacher, we explain how these 
methods can be used to derive inverse logarithmic spectral gaps for the damped wave equation - 
see [m [9] for related results. 

2. Dynamical setting 

The Hamiltonian function associated to the geodesic flow on S*M will be denoted pq{x,C) — 
■l^Y^ in the following of this article. Under proper assumptions (see remark 1^751) . we underline that 
our proof should also work for more general Hamiltonian flows as in [521 [5S]; yet, for simplicity of 
exposition, we restrict ourselves to the case of geodesic flows. 

2.1. Hyperbolic sets. From this point, we make the assumption that the set A is a compact, 
invariant and hyperbolic subset of S*M . The hyperbolicity hypothesis means that one has the 
following decomposition [19] 

Vp e A, TpS*M ^ RAp„(p) e E'^ip) ® E'ip), 
where M.Xp^{p) is the direction of the Hamiltonian vector field, E^{p) is the unstable space and 
E'^{p) is the stable space. In particular, there exist a constant C > and < A < 1 such that for 
every t > 0, one has 

Vt;'' e £:"(p), ||dp5"*w"|| < CAiw"!! and Vw" G E'{p), \\dpgh'\\ < CA*||t;"||. 

Due to the specific structure of our hamiltonian, the above properties remain true for any energy 
layei0 associated to £■ > 

£e Po' {{E}) = {{x, e T*M : po{x, = E} . 



For more general Hamiltonian, it would remain true in a small vicinity of the energy layer due to the stability 
of the hyperbolic structure 1191 . 
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Define now the unstable Jacobian at point p e S*M and time t > 



det ( dr,t 



-t 



where the unstable spaces at p and p are equipped with the induced riemannian metric. It 
defines a Holder continuous function on S*M [19] (that can be extended to any energy layer £e)- 
We underline that this quantity tends to as i tends to infinity at an exponential rate. Moreover, 
it satisfies the following multiplicative property 

j^+Ap)^Jti/p)Jt'{p)- 

In the following, we will use the notation J^{p) = Ji{p) on S*M. 

2.2. Topological pressure. In the statement of Theorem 11.11 we made an assumption on the 
topological pressure of the subset A. Let us explain what informations are provided by this 
hypothesis following the observations of paragraph 5.2 in [22] - see also [23], chapter 4 for general 
definitions of topological pressure. 

Fix a small S > 0. Then, for every E e the set 

Ab = |(x,0 G £e ■■ (x, -i= ) e A 



'2E 

is hyperbolic. We fix a finite open cover V = {Va)aeA of 
(7) A^:= U As 

i^<B<i±i 

of diameter less than some small e > and such that, for every a in A, one has 

Kc£* :=Po'((V2-'5,l/2 + (5)). 
For every integer no, the refined cover V^""-* is the collection of the open sets 

"0-1 

Vq = Pi 9~^Vaj, where a = (ao, a„o_i) e A"". 

i=o 

Equivalently, Va contains the points p, the trajectory of which sits in Vaa at time 0, in Va^ at time 
1, etc, and in Va„_i at time n — 1. 

The fact that Ptop{A, g*, ^ log J") < implies the existence of a positive constant Pq such that 
for 5 small enough, for any cover of small enough diameter (say e < eo) and for any no G N large 
enough (depending on e), one can extract a subcover W^"") c V^""-* of A'' such that 



V sup jexpfi/" logr og\p)dt 



^-2noPo 



(8) ^ sup^exp(-/ \ogro g\p)dt]\<e 
v„ew<"o) 

(we may assume that any Va €E W*^""^ intersects A"^). Thanks to assumption ([6]) on A, we can also 
verify that for no large enough, one also has 

(9) snrp^^ jexp Q log J" - a) o g\p)dt^ | < e""^^-^"). 

Remark 2.1. In our proof, we will fix an open cover of small diameter e < eo in order to get a 
subcover >V("-o) satisfying Such a choice can be made for every e < eo. Moreover, we choose 
such an epsilon in order to have e < eo/2, where eo is the constant appearing in lemma [2^ We 

also take e small enough to have the factor 1 + 0{e) in estimate \2G\ smaller than e^. 

Once V is chosen with the above requirements, we also select no and VV"^""' such that ([9]) holds. 
All these parameters will remain fixed for the rest of the proof. 
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We will call W the family of words a — (ao, ai, • ■ • , ctno-i) corresponding to the elements 
Va € W^"") . We also complete the cover, by selecting an open set Voo such that Voo H A'' = 0, and 
such that 




Finally, we denote W = W LI {oo}. 

2.3. A lemma from dynamical systems. Before entering the details of our proof, we mention 
the following lemma which is taken from the appendix of [7] (lemma A.2): 

Lemma 2.2. Let A be a hyperbolic set in S*M satisfying assumption There exists ep > 
(depending on M , S and a{x) ) such that, for any E £ — S, ^ + S], for any p > and any p2 G 
satisfying 

3pi e A* such thatyO <k <p~l, dx' nig'' Pi, g'' P2) < eo, 
one has ^ 

aog'{p2)ds<Pp + 0{l), 
where the constant involved in 0(1) is independent of p2 and p. 

In particular, this lemma will allow us to extend the inequality (|6]) to a small (dynamical) 
neighborhood of A"^. The proof of this lemma was given in [7^ where the authors treated the case 
of a single energy layer (^ = 0). Yet, their proof can be adapted to get a uniform eo on the energy 
interval £^ . We verify below that their argument can be extended to a small neighborhood of 
S*M. 

Proof. The proof of this lemma relies on two observations: 

• if the trajectory of p2 remains close to the one of pi G A"^ in the future, then p2 must have 
an "exponentially small unstable component" ; 

• the Birkhoff averages — a o g^ds on A'' are uniformly bounded by j3p + 0(1). 

We closely follow the presentation of [7 and refer the reader to it for more details. We start 
by giving a precise meaning to the first observation. For that purpose, we write the following 
decomposition of the tangent space, for any p — (a;,^) € A*, 

Tp£' ^E\p)®E'{p)®E^{p), 

where E^{p) is the vector space generated by Xpg{p) and the energy direction p{t) — (x,t^) and 
iJ"/'* are still the unstable/stable directions. For v in TpS^ , we denote v = vq + Vs + Vu the 
decomposition adapted to these subspaces. For e' > small enough and any p e A"^ , one can 
construct a smooth chari0 (j)p : Tp£^{e') — £^ satisfying 

<t>p [{E"{p)+E^{p)){e')] C W^%p), and 0p [{E"{p) + E^ipW)] C W^™(p), 

with 

M^'=''/'="(x,0 = U U W^"" (g' (x,V2E 

tGRi^<_B<i+i ^ ^ 

where VF^/"(p') denote the stable/unstable manifold at point p' . Moroeover, one can choose 
(j)p such that da(j)p is given by the identity. The construction is a straightforward adaptation of 
property A.l in [7 to a small neighborhood of S*M. 
For e' > small enough, introduce now 

Fp = ^f'g'p °g'°<f>P- Tp£\e') Tgip£', 

which is tangent to dpg^ at the origin. Define also 

L»(e',p) {veTp£' -.yOKkKp- 1, \\Fg.p o . . . Fpv\\g.p < e'}. 

'^Here, H{e') means that we consider a ball of radius e' around in the subspace H. 
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Let V — vq + Vs + Vu be an element in D{e',p). One can mimick again the proof of [7] (precisely 
the proof of inequality A.b in this reference) and verify that there exist uniform constants C > 
and < A < 1 such that 



(10) VO < fc < p - 1, \\Fg.pO... Fp{vo +vs+ Vu) -Fg.po... Fp{vo + Vs)\\g.p < Ce'y-^-\ 

This upper bound is obtained thanks to the hyperbolicity assumption (combined to a Taylor for- 
mula near the origin) . This result expresses the first property mentionned at the beginning of our 
proof. Precisely, it shows that a point which remains close to pi £ A* during a time p has an 
exponentially small unstable component (in our system of charts). 



We will now use this family of charts to prove lemma 
constant C > such that 

r-l pi 



First, we observe that there exists a 



ao g''{pi)ds 



aog''{p2)ds 



<Cd{pi,p2) 



Fix now pi = (xi,^i) in A'^ and p2 in £^ satisfying 

V0<fc<p-1, dT-A/(gVi,/p2) < eo, 

where eg is some small positive parameter. In particular, we choose it small enough to have 
V = (j)p^{p2) belongs to Tp£^{e'/2) for every pi G A* and any p2 £ £^ satisfying d{pi,p2) < cq. 
Define then w = vq -\- Vg and introduce p^ — (j}p-^{w). Thanks to our construction, one has 
P3. G W'ig'^pi) for some |t| < Cqe' and some pi = (a;i,£"Ci) £ Ae' with \E'\ < Cqe'. Thanks 
to the fact that a does not depend on ^ and that pi belongs to Ae', the assumption ([6]) directly 
implies that 

''\og'{pi)ds<l3p + 0{l), 

where the constant involved in the remainder is uniform for \E'\ < Cqe'. To extend the assump- 
tion ([6]) to every energy layer Ae', we have crucially used the fact that a is independent of ^, and 
the homogeneity of the geodesic fiow — see remark [273] below for generalizations of this fact. 

We will now compare the average along the trajectory of p2 with the average along the trajectory 
of pi. Thanks to the upper bound (jlOp and to the construction of p^, one has that, for any 
<k <p-l, 

d(5'p3,5V2) < Cie'Af-i-'^- and gVa) < Cle'(A')^ 

for some uniform C( > and < A' < 1. We now use these properties to bound ~ ao g^{p2)ds. 
We write 

> rp 
o- ° g'^ {P2)ds < — / aog'^[pi)ds + 



ao g''{pi)ds 



a°5 (Pi)c?s 



+ Vf f\og^+^+-{p,)ds- f aog^+\p^)ds 
Using the different properties mentioned above, one gets 

a o g'{p2)ds <(3p + 0(1) + 2Coe'||a|| 



'0 



CC'e' CCW 

\ — 

1 - A' 1 - A ' 



which is the expected conclusion. 



□ 



Remark 2.3. At this point, we would like to mention something on the generalization of Theo- 
rem [TTT] to more general nonselfadjoint operators as in [28 . In order to adapt the previous lemma 
(which will be crucial in our proof) for more general Hamiltonian fiows, one has to make the 
assumption that the Birkhoff averages of the corresponding damping function are bounded by 
f3p + 0(1) for every trajectory in a small neighborhood A"^ of the hyperbolic subset A. Here this 
property was satisfied due to the specific structure of the "damping function" a and of the geodesic 
flow. 
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3. Proof of the main Theorem 

We fix /? a spectral parameter. Let {ilJh)o<h<ho be a sequence of normalized vector in L?{M) 
such that 

V{h, 2)1/^1 = z{h)ipti, 

where z{h) satisfies 

(11) yo <h< ho, z{h) = ]^ + 0[h) and Im z{h) > (3h + o {h\\ogh\-~^) . 

Remark 3.1. Such a family may be defined by a discrete sequence /i„ — )■ as n tends to infinity. 
Yet, in order to avoid heavy notations and to fit semiclassical notations [T11[3T], we will use the 
standard convention — >■ to denote the limit. 

3.1. Concentration properties and discretization of the energy layer. In this paragraph, 
we describe the setting we will use to prove Theorem ll.il We introduce A a compact, hyperbolic 
and invariant subset of S*M satisfying the assumption As in paragraph 12. 2[ we fix a small 
neighborhood of size 5 > Q around S* M (thanks to our assumption on Re z{h), the eigenmodes 
are microlocalized on S*M when h tends to 0). 

We make the assumption that Ptop (A, t;*, i log J") < and we will use the open covers intro- 
duced in 

3.1.1. Cutoff Junctions near A. We fix < < 1/2 a positive parameter and we introduce a cutoff 
function < 6A,fi,i7 < 1 around the set A. This function belongs to C^(T*M) and satifies the 
following assumptions: 

• eAAi7(a:,O = for lief ^[1/4,2]; 

• QkM^^O = &K,hA^.il\m for lief eJl/2,3/2]; 

• for every p in S*M satisfying d{p,A) < hy /2, QK^h.v{p) = 1; 

• for every p in S*M satisfying d{p, A) > 2tf, QAfi,v{p) = 0; 

• the growth of the derivatives of Qh,ri,v is controlled by powers of tT'^ and so the functions 
are amenable to ft-pseudodifferential calculus [HJ [3T] (see also appendix [5] for a brief 
reminder) ; 

We say that such a function is (A, h^V) -localized. Our goal is to prove that 

(12) liminf (Op^ (1 - Oa./i.tj) iph, i^h) > CA,a,77 > 0, 

Ti— !-0 

for some positive constant ca.o.tt that depends only on A, a and v (and, in particular, not on the 
sequence {'iJjn)h^o)- 

3.1.2. Smooth discretization of the energy layer. We now introduce a smooth partition of unity 
associated to our open cover {Va)^^yy, namely a family of smooth functions Pa G C^{Va, [0, 1]) 
which satisfy 

J2Pa{p) = l nearf''/^. 

This smooth partition can be quantized into a family of pseudodifferential operators (tTq, G 
^^°°'*'(Af))^g-j^ such that for each a S W, Pa is the principal symbol of ttq, and 

WFti{Tra) cVa, T^a = and ^tTq = Id microlocally near £^^^, 

a 

We also introduce the following "refined" operators: 

V7 = (7°, 7\ • ■ • , 7""') e TF", := ^7"-"r? • ■ • ^7^^r^7° ' '-^ n^"-""° . 

This new family of operators satisfies 

(13) 51 ^7 = i^r° microlocally near S^/'^ , 

|7l=ra 
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equivalently 

= Id microlocally near 

7|=n 

uniformly for times < n < C| log h\, for any fixed C > 0. 

We notice that for n — I7I finite, each operator admits for principal symbol 

(14) := o . . . P^i o 5(l-")"«P^o o , 
which is supported in the "backward refined set"Q 

n g2"°K:y„-2 n • • • n g™"!/^.. . 

In subsection l4.2l we will see that this connection between Il-y and P^ extends to times n < kq \ log h\, 
for > small enough. 

We already have two families of n-cylinders: the full set of n-cylinders 

W" = {(7°,7\---,7""') : V0<j<n-1, 7^' e W} , 

covering the whole energy slab £^ , and the set of n-cylinders 

= {(7°,7\---,7""') : VO<j<Ji-l, 7^' G W^} , 

corresponding to trajectories remaining e-close to A'' during a time nng. 

We will distinguish a subfamily of n-cylinders, corresponding to points very close to A. Namely, 
we define A„ C 1^ to be the set of n-cylinders satisfying 

supp(eA,R,F X P^) ^ 0. 

3.1.3. Preliminary lemmas. We will now make two simple (but crucial) observations that will be 
at the heart of our proof. 

Lemma 3.2. There exists kq > small enough (depending on V, 5, A and Voo) such that, for H 
small enough, for any point p G supp (QA,h.v x Pj) o,nd any \t\ < kq] log?i|, one has 

d(5*(p),A^)<r/2. 

In particular, A„ C . 

The proof of this lemma derives from the following observation. Any point in p e supp(0A.;i,F x 
P-y) is at distance < 2h'^ from A''. Due to the hyperbolicity assumption, the distance from A'' can 
grow at most exponentially with time: there is a uniform < A < such that 

(15) d{g'{p),A^)<Cn~Xk\, VteM. 

This is an important property as it will allow us to apply hyperbolic dispersive estimates to 
cylinders in A„ ~ see paragraph 13.2.21 If we had chosen a larger "tube" around A, our argument 
would a priori not work as we will need to work with logarithmic times in h- see paragraph l3.2.3l 
We will also need the following feature of cylinders in A„ . 

Lemma 3.3. There exists kq > small enough (depending on v, d, A and Voo) such that, for h 
small enough, any n < [ko\ log?i|], any 7 S A„ and any p S supp(P.y), one has 

nno — 1 

a o {p)ds < (nno - + 0(1). 

Proof. The proof relies on lemma [2?2] Choose p G supp(P-y). By definition of A„, there exists 
p^ G supp(0A_;i.i7 X Pj). The diameter of the open cover has been selected to be smaller than eo/2, 
where eo is the parameter of lemma l2.2l Hence, since g~^{p) and g~'^{pj) belong to the same open 
sets Va^. for all times k — 1, . . . , nno, we have 

VI < fc < non, d {g-\p), g-" (p,)) < |. 

'''V'-y contains the points p which were sitting in V^n-i at time —no, in at time — 2no,..., in V^o at time 

—nriQ. The word 7 thus describes the backward trajectory of p. 
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Since is at distance < 2hy from A"^, we can choose a point e A* such that d{pj,p^) < 2h^ . For 
Kg small enough, one gets d{g~*{pj),g~*{p^)) < CK"^"^ for aU < t < ko| logfi| - see property (IT5|) . 
As a consequence, for h small enough, 

VI < fc < rmo, {p^)) < eo- 

Using lemma [221 we deduce that 

/•nno — 1 

(16) -/ aog^-""«(p)ds<^(nno-l) + C'(l). 

As in the previous lemma, if we want to work with logarithmic times in h, we need to have a tube 
of size around A in order to obtain a remainder uniform w.r.t. h. 

□ 

We underline that, in both lemmas, our choice of kq > depends on M, on A and on our choice 
of open cover, of Uq and of 77. 

3.2. Proof of Theorem II. li We are now in the position to give the proof of our main result. 
Our strategy is to prove a positive lower bound for the norm 

II ^-y^^ ' 

7GA^ 

where A^ is the complementary of A„ in W"' and n is a "short logarithmic time" . It will roughly 
say that a positive part of the mass of tpfi is far from A. 

We will first use a hyperbolic dispersive estimate [2 [^H in order to obtain a lower bound 
for a similar quantity corresponding to cylinders of length kn - see paragraph I3.2.2[ with fc ^ 1 
fixed {kn is a "large logarithmic time"). Then, by a subadditive argument fparagraph l3.2.3|) . we 
will derive the desired lower bound for cylinders of length n. Finally, we show in paragraph 13.2.41 
how to derive Theorem 1 1 . 1 1 from this lower bound. 

3.2.1. Different scales of times. First, we select open covers V and W*-""-' as in paragraph 12. 2[ in 
particular the diameter of V is small enough to get the requirements of remark [2. II 

We will then fix some kq > small enough, so that the bound of lemma l3^ applies, and also 
such that the quantum evolution of observables supported in the energy slab £^ is under control 
for times \t\ < Kono\\ogh\ (see subsection 14.11 on this matter). We then introduce a "short" 
logarithmic time 

(17) n(?i) := [^ollog^l]. 

In particular, the arguments of lemma 13.31 and of paragraphs 13.2.31 and 13.2.41 will be valid for 
< n < n{h). The choice of kq depends on the open cover V, on the damping function a, on hq, 
on S (the size of the energy slab we work on) and on the exponent F used to define Qh,A,v- 

We fix fc > 2 a large positive integer, satisfying fc/tg > — ^ — see paragraph l3.2.2l We will then 
define a second ("large") logarithmic time knlK). 

We will omit the dependence n{h) — n va h to avoid heavy notations. 

Remark 3.4. We underline that the different parameters we have introduced so far (namely rig, 5, 
Kg, fc, Pg and the open cover) are chosen in a way that depends only on A, a and V. They will not 
depend on our choice of sequence ipn- 

3.2.2. Using hyperbolic dispersive estimates. The first step of our proof is to use the property (jl3p 
(still valid for "large" logarithmic times) and the fact that i/j^ is an eigenmode of Uh, in order to 
write 

(18) E (nr^n>.) - exp (^_!^^^) ^o[n-). 
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Here we have implicitly used the fact that the eigenstate ■0^ is microlocalized on the energy layer 
£1/2 = S*M. Then, we split the above sum using the decomposition of " as 

where Aj; = {r^r^ . . . T'""^ : VO < j < fc - 1, e A„} and (A^)'' is the complementary of A^ in 
W''". We find then 

(19) ^(nrV.,V'.)+ E (nrV.,V'.)=exp(-^^^^^^)+0(;i-). 

We will now use a hyperbolic dispersion estimate to bound the sum over A^ which is a subset 
of W"'' - see lemma [321 We are almost in the situation of [23 §7.2], except that our generator 
V{h,z) is nonselfadjoint. Still, like in [35], we can use the strategy of [52] Sec. 4] by taking into 
account the nonselfadjoint contribution in the WKB Ansatz. The output is that, for every fc > 2, 
there exist constants Cfc > and hk > (depending on fc, on a, on the choice of the partition 
and on A) such that, for any h < Hk and any cylinder F = ao ■ ■ ■ ank-i G W"'', the following 
hyperbolic dispersive estimate holds: 
(20) 

nk-l „„Q 

||nao...„„,_J^.^^. <CfeS-^ (1 + 0(6))'=""'' [] sup exp( / {l/2\ogr-a)og\p)))dt, 

where the constant involved in ©(e) depends only on the manifold and on a. Recall e is an upper 
bound on the diameter of the partition V. Summing over all cylinders F S W"^^ and using the 
assumption ([9]), we obtain, for ft small enough, 

(21) E ||nrV'ft|| < C'fe(l + C'(e))'=""''e'=""°(''-^°)ft-^ +Ci(ft°°), 

which is the adaptation of the last upper upper bound in [221 Sec. 7] to our nonselfadjoint setting. 
Lemma W% shows that A„ C 14^", so the above sum can be restricted to A^: 

(22) E l|nr^ft|| < Cfc(l + 0(e))'=""° e'^""''*^--^'") rri + 0{K") , 
reA^ 

Remark 3.5. Our situation is different from the one considered by Schenck in [26] . because we 
do not make any global assumption on the geodesic flow. Whereas Schenck assumed the flow 
to be Anosov, namely to be hyperbolic on the whole energy layer S*M, we only assume it to 
be so on A. Schenck's assumption allowed him to use a Fourier decomposition (analogue to the 
one in pL| ) based on a "canonical" decomposition into a family of Lagrangian states which do not 
develop caustics under the evolution - see [26l §4.1 and 4.2]. Here, we cannot use a priori the 
same decomposition, because our dynamical assumptions do not forbid the existence of conjugate 
points or caustics. Instead, we may consider the more flexible Fourier decomposition introduced 
by Nonnenmacher and Zworski in |22| . The Lagrangian leaves involved in this decomposition are 
transversal to the stable manifolds, and remain thus under control up to large logarithmic times 
— see [m §5.1 and 7.1] for details. If we modify the WKB expansion from [21j by taking into 
account the damping function, we obtain hyperbolic dispersion estimates for cylinders that always 
remain in a small vicinity of the invariant hyperbolic sel|l A, meaning the cylinders in W^"" . 

Remark 3.6. The constant Ck and hk involved in the hyperbolic dispersive estimate above can be 
chosen independently of the sequence V'n. 

As was mentionned in remark [2. 1[ the diameter e of our initial cover was chosen small enough 
to have the factor (1 + 0{e)) < e~ . 



®In I22| , the hyperbolic estimates were valid for cylinders in a small vicinity of the trapped set - see section 7 
of this reference. 
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As mentioned in ii3.2.11 we choose fc^o > ^ '^p , so that the factor h ie '^""^ S — o(l). Using 
the assumption (fTT|) on z{h) and the fact that the time knriQ = 0(1 logfij), we derive 

, Im ~ 



FeA^ FeA*; 



when fi, — )• . 



Comparing this with the estimate ([T^. we get the foUowing lower bound when — > 0: 

II ^ ^ , Im zih) 

(23) II ^ ^ ^ - 



Y nFV-;. >e'=""«^^ (1 + 0(1)) 



This lower bound concerns the large logarithmic time knriQ, for which the operators Ilr or Ilr 
cannot be analyzed in terms of pseudodifferential calculus. 

3.2.3. Suhadditivity property. We will now show that the left hand side of (j23p satisfies a kind of 
"subadditive" propertjo for logarithmic times — see Eq. (|26l) . For that purpose, we decompose 
{h^Y into 

fc-i 

(A^)^ = □ {r = ro . . .P . ..v"-^ : < J, r e W"; r^" e A^^; > 3, r e A„} , 



J=0 



and accordingly 
(24) 



fe-i 



II nr = ^( ^ Hp.-i nr.+i)( "fOI II nr.-i Hro) 

Fe(A;=,)<= i=0 FJ + i,...,F'=-ieA„ FjgA^^ FO,...,FJ-ieW" 

Using this equality and property (|13p . we are lead to 

fe-i 



(25) 



re (A,*;)" 



j=0 7eA„ 



fe-i-i 



76A^ 



Im(2(R)) 



We will show in section |4] (more precisely in Eq. I4.4p that there exists a constant c > 0, such that 
for h small enough one has 



En. 



7eA„ 



< ce 



This bound uses the fact that we uniformly control the averaged damping on cylinders of A„, see 
lemma [?751 in particular it uses the assumption (jS]). 

Remark 3.7. In our argument below, we will crucially use the fact that the previous bound is 
ce"""^ and not ce"^""^"'"'^-* (even an arbitrary small e > is not a priori be sufficient for our proof). 
For that purpose, it was important to restrict ourselves to cylinders of trajectories that remain 
very close to the set A. If we have used all cylinders in ]¥"■ (instead of A„), we would have get a 
bound of order 06"*^""^+^^ which would have not been sufficient for the end of our proof. 

Then, the assumption (|lip on z{h) shows that the above right hand side is smaller than 
ce™°^(l + o(l)), therefore (l25|) becomes 



(26) 



Y npV';. <c'-fc(i + o(i))e('=-i)""°'^|| E n^^A;, +o{n°°). 



7GA^ 



Combining this inequality with the lower bound (|23p . one obtains 

(27) II E n^Vn > (c'=fc)"^e""''^(l + o(l))+0(ft°°). 

7eA^^ 

This lower bound is our desired lower bound for a "short" logarithmic time. 



similar property already appeared in the selfadjoint case treated in [Ij §2.2]. 
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Remark 3.8. We underline again that the constants c and k do not depend on the sequence (ipn), 
but only on 6, Pqi '^Oi the choice of open cover and kq- Thus, it depends only on A, a and V and 
it will be this constant that will play the role of CA^a,v in (IT2t . 

3.2.4. Using semiclassical calculus. Since i/'n is an eigenstate of Un, the inequality (j27p can be 
rewritten as 

7eA= 

Using the observations of paragraph 14.21 a-nd the fact that kq has been chosen small enough, for 
n = [kqI log ^|] the operator 

7GA^ 

is approximately the quantization of the symbol Pa^ ■— S7eA<^ ^7' which belongs to the symbol 
class S'r,°°'"(T*Af) for some v' e (0,1/2). Using also the composition rule in we get 

the bound 

(Op,,(p2^)Vn>a) > (c'=fc)-i(l + o(l)) + 0(r«), 

for some vq > 0. By construction, the function Pa^ takes values in [0, 1]. Because the quantization 
Op;j is approximately positive for symbols in this class — see paragraph [521 — one finds that 

{OprAPA0^n,^n) > (c'=fc)-i(l + o(l)) + 

Remark 3.9. The value of i^o > can be different from the one appearing above: we have just 
kept the largest remainder term. 

We now split the above left hand side into two parts, using the cutoff function &n,A,T7- It remains 
to estimate 

(A) := ( Op;, (Pa^ (1 - Qn.A,T7))4'n,4'n), 

and 

(P) :=(0p^ (Pa. en.A,i7)i'n,^n)- 

Using again the fact that Op;^ is almost positive, and that Pa^ < 1, one obtains the bound 

(A) < { Opjl - en^A,^)ijn, i^n) + ©(r"). 

On the other hand, the definition of implies that (B) — 0. This leads to 

liminf (Opjl - eA,n,T7)^n,^^n) > {c''k)-\ 
h—>-o 

which concludes the proof of Theorem ll.il The lower bound depends only on A, a and V — see 
remark 13.81 



4. Long products of pseudodifferential operators 

In this section, we describe some properties of long products of pseudodifferential operators 
evolved under the quantum propagator. For that purpose, we recall first a few facts on the Egorov 
property for nonselfadjoint operators and then we apply them to our problem. 

4.1. Egorov property for long times. In this paragraph, we recall an Egorov property for 
times of order Ko|log?l|, where kq is a small enough constant that we will not try to optimize. 
Consider qi and (72 two symbols belonging to S'~'''^{T*AI) (for the sake of simplicity, we also assume 
that these symbols depend smoothly on ?i e (0, 1]). In this article, we will use the symbols qi equal 
to \j2z[h)a, —^2z{h)a or — see paragraph 14.21 below. 
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4.1.1. The case of fixed times. We consider a smooth function b on T*M which is compactly 
supported in a neighborhood of S*M, say supp(6) C {{x, £,) : € [1/2, 3/2]} and which belongs 
to S~°°'^{T*M). The following operator is a pseudodifferential operator, for every < e M, 



B{t,b) 



-ihOp^iqi)] 



We briefly recall how such a fact can be proved by a direct adaptation of the arguments used in 
the selfadjoint case [111 [311 El [25]. Take q = qT + q2, and introduce, for t. s e M, the symbol 

rt-s 



Bt{s) -.^ b o " exp J qog'^dr 



To alleviate our notations, we call 



1 = 1,2, 



so that the operator B{t,b) = {U\{qi))* Opj^{b)U\{q2). Fixing t, we then introduce the auxiliary 
operators 

R{h,s) = {Ui{q^))* Ovr,{B,{s)Wn{l2). 
Like in the classical proof of the Egorov Theorem (i.e. in the selfadjoint case) , one can compute 
the derivative of R{h, s): 



Opfi(gi)* OprABtis)) - Opt,iBt{s)) Op.fe) U^X<l2) 



-(W^(9i))*(Op,,({po,i?t(s)})-Op;,(i?*Gs)(gr + 92))K(<?2). 
We integrate this equality between and t [6]: 

(U^q,))* OprAb)Ul{q2) = Op, {bog'e-fo^°^-'ir\^ + j\ui{qi)r RiK s)UfM2)ds, 

where R{h,s) is a pseudodifferential operator in '$~°°'~'^{M) thanks to pseudodifferential rules. 
Proceeding by induction and using pseudodifferential calculus perfomed locally on each chart [TH 
I5T] (respectively Chapter 7 and 4) and the fact that Z^|(<Z2) is a bounded operator (with a norm 
dependineF^ on q2 and s), one in fact finds that (^//^(qi))* Op, (6)^/^(92) is a pseudodifferential 
operator in \E'"°°'''(M), 

(28) {Uliq,))* Opn{b)Ul(q2) = 0pMt))+O{h^), 

where b{t) - J2j>o f^^bjit), 



bo{t) = BtiO) = bog'exp 



(qi + 92) o g'^dr 



and all the higher order terms (bj(t))j>i in the asymptotic expansion depend on b, t, qi, q2 and the 
choice of coordinates on the manifold. Moreover, for a fixed i e M, one can verify that every term 

bj{t) is supported in 3~*supp(&). Each bj(t) can be written as Cj{t) exp ^— /q (gT + (72) o g^dr^ , 

where Cj{t) G S'-°°'°(r*M). The Calderon-Vaillancourt Theorem [3ll Chap.5] tells us that there 
exist constants Ct^t and ^ (depending on 6, gi, q2, t and M) such that 



(Uliq,))* OprAb)Uk{q2] 



L^(M)^L^{M) 



and also 
(29) 



(UUqi))* Opr,{b)Uk{q2) - OpMt)) 



L^{M)^L^(M) 



is in fact bounded by a constant of order e'^'H'^^ll 
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4.1.2. The case of logarithmic times. All the above discussion was done for a fixed t G M. In 
this article, we needed to apply Egorov property for long range of times of order kqI log?i| OH]- 
This can be achieved as all the arguments above can be adapted if we use more general classes of 
symbols, i.e. S^°°-"{T*M) where 77 < 1/2 is a fixed constant 

In particular, one can show that, for b € S~°°''^{T*M) supported near S*M as above and ki 
small enough (depending on the support of 6, on F, on qi and on (72), the operator B{t,b) is 
a pseudodifferential operator in 'I'r°°'°(M) for all \t\ < «;i|logS|. Precisely, its symbol has an 
asymptotic expansion of the same form as in the case of fixed times, except that for every j > 
the symbol Cj{t) belongs to 5*-°°'*^' (T*M) for every |t| < ki| log?i|, where j — kj is an increasing 
sequence of real numbers converging to infinity as j +00. 

We also mention that all the seminorms of the symbols Cj(t) can be bounded uniformly for 
\t\ < Ki|log?i|. Finally, using pseudodifferential calculus (performed locally on every chart), one 
can verify that the following uniform estimates hold: 

Proposition 4.1. There exist constants Ki > and Vq > (depending only on qi, q2, V and AI ) 
such that for every smooth function b compactly supported in {(a;,i^) : G [1/2,3/2]}, there 

exists a constant Cb > such that for every \t\ < ki \ \ogh\, one has 

{Ui{q,)y Ovn(b)Ui{q2) ^^^^^^ ^^^^^<Ci,\Mt)\\oo, 



L^{M)^L^(M) 



H{qi)) Opt,{b)Uiiq,) - OpMt)) 

Remark 4.2. We will mostly use evolutions involving the propagator of (j4|). Then, the expres- 
sion {UD* Opfi{b)U^ has the form of ([28]), with qi = q2 = \/2z{h)a. As a result, in this case the 
principal symbol is bo{t) = bo g* e~'^ '^'^ . 

Another operator will be used: {14^)^^ Opii{b)Ul also has the form ([28]) . now with qi = — a/SIo, 
q2 = y^2z{h)a. In this case, the principal symbol 60 (^) — bog*. 

4.2. Sums of long products of pseudodifferential operators. In this paragraph, we make a 
few observations on "long" product of pseudodifferential operators (with x |log?i| factors), that 
we used at different stages of our proof - e.g. in paragraphs 13.2.31 and 13.2.41 

The open cover and the time uq of paragraph l2.2l (and their corresponding quantum partition 
near are fixed in this paragraph. 

We would like to use the above results to show that, for kq > small enough, for < p < 
kqI fogft| and for any subset Xp C of p-cylinders, the operator 

n^. ■■= E ^7 

is a pseudodifferential operator, with a principal symbol in a "good" symbol class. Using the 
composition rule for pseudodifferential operators in 'i'^°°''^{M) and proposition 14.11 there exist 
I'o > and kq > such that, for every < p < kq \ log h\ and for every 7 g , 

n^-Op;,(p^) =o(r"), 

where the remainder can be bounded uniformly for every < p < kq I fog ^| and for every cylinder 

7 e W. 

Remark 4.3. The constants vq and kq appearing here are a priori smaller than the one from 
proposition 14.11 

This observation leads us to the bound 

(30) WUx, - Op,(PxJ|L.(,,) = OiKPh'^o)^ ^ 

7eXp 



^^In order to avoid too many indices, we take the same v as in the definition of 0a hi 
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where K = \W\. Hence, for kq small enough, the remainder is of the form 0{h'^'>) for some positive 
i^Q > 0. We underline that the constant in the remainder is uniform w.r.to < p < kqI log^| and 
Xp C W. _ 

We can also verify that there exists > small enough and V < v' < 1/2 such that the 
function belongs to the symbol class S'r,°°'"(r*M), and such that the seminorms (defining 
this class) can be bounded uniformly w.r.to < p < kq \ \ogh\ and Xp C . In particular, one 
can apply semiclassical calculus to this operator. For instance, the Calderon-Vailancourt Theorem 
tells us that 

||Op,(nx,)|L.^^. =o(i), 

where the constant in the remainder is uniform w.r.to < p < kqI log h\ and Xp C . 

Remark 4.4. When proving the subadditive property, we also needed to bound from above the 
norm of 

Qxp ■— e 2 \ H-y , for a subset Xp C Ap . 
Using the notations of §4.11 this operator can be written 

Hence, using (|30p and the Egorov type estimate of Proposition 14. 1[ one obtains, for kq small 
enough, 

|Qx, - Op,, (Px, ° 9^'"' e-^o"° 
for some Vq > 0. The symbol 

belongs to a class S^,°°''^{T*AI). In particular, since Xp C Ap, one can combine lemma [331 
with the Calderon-Vaillancourt Theorem in order to derive that, for kq small enough and for any 
< p < kq \ log?i|, one has the norm estimate 

(31) \\QxJ\L^=0{eP"<'^), 

where the implied constant is uniform in p, Xp C Ap and depends on a, on the choice of the open 
cover and on uq. 

Remark 4.5. Even if we did not mention it at every stage of the proof, the remainders due to the 
semiclassical approximation depend on the choice of the open cover and on uq that were introduced 
in paragraph l2.2l 

5. PSEUDODIFFERENTIAL CALCULUS ON A MANIFOLD 

In this last section, we review some basic facts on semiclassical analysis that can be found for 
instance in [21 [SI] ■ 

5.1. General facts. Recall that we define on R^*^ the following class of symbols: 

Let M be a smooth Riemannian d- manifold without boundary. Consider a smooth atlas {fi,Vi) 
of M, where each /; is a smooth diffeomorphism from V; C M to a bounded open set Wi C K''. 
To each fi correspond a puU back /;* : C'^{Wi) — ^ C°°(VJ) and a canonical map /; from T*Vi to 
T*Wi: 

fr.ix,^^ {fi{x)ADfiixrYO- 

Consider now a smooth locally finite partition of identity {(pi) adapted to the previous atlas (//, VJ). 
That means = ^ ^^'^ 'Pi G C°°{Vi). Then, any observable b in C°°{T*M) can be decomposed 



= 0(^0), 
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as follows: b — J2i where bi = b(f>i. Each bi belongs to C°°{T*Vi) and can be pushed to a function 
bi = (/f e C°°{T*Wi). As in [HIST], define the class of symbols of order TO and index k 

(32) S"^'\T*M) := {{bn{x, O)ne(os] e C^{T*M) : \dy^^bn\ < a,^;i-'-(0""'^' } • 

Then, for b e S"^-'^{T*M) and for each /, one can associate to the symbol bi G ^""^''(R^'') the 
standard Weyl quantization 

where u S 5(M''), the Schwartz class. Consider now a smooth cutoff -0; G C'^{Vi) such that V'z = 1 
close to the support of 0;. A quantization of e S™''^{T*M) is then defined in the following way 
(see chapter 14 in '31|): 

(33) Ovn{b){u) :=J2^iX (/f Op)^ (6,) i^i x , 

where u £ C°°{M). This quantization procedure Op;^ sends (modulo 0{h^)) S'""''{T*M) onto 
the space of pseudodifferential operators of order to and of index k, denoted \[''"''^(M) [Ml |3T] . 
It can be shown that the dependence in the cutoffs (pi and ipi only appears at order 1 in fi (The- 
orem 18.1.17 in [H] or Theorem 9.10 in [31]) and the principal symbol map ctq : VE''"''^(M) — >■ 
^m-i,fe^^m-i,fc-i^2i*^^ ^j^gj^ intrinsically defined. Most of the rules (for example the com- 
position of operators, the Egorov and Calderon-Vaillancourt Theorems) that hold on R^'' still 
hold in the case of \1/'"''^(M). Because our study concerns the behavior of quantum evolution for 
logarithmic times in h, a larger class of symbols should be introduced as in [14j|3T], for < F < 1/2, 

(34) 5™^'(r*M) {(6r0r.e(o,i] e C°°(r*M) : \d^d^^bn\ < (C)"-!^! } . 

Results of [T3JI31] can be applied to this new class of symbols. For example, a symbol of S^-'°(T*Af) 
gives a bounded operator on i^(M) (with norm uniformly bounded with respect to h). 

5.2. Positive quantization. Even if the Weyl procedure is a natural choice to quantize an ob- 
servable b on R^'', it is sometimes preferrable to use a quantization procedure Op^ that satisfies 
the property : Opf^{b) > if > 0. This can be achieved thanks to the anti-Wick procedure 
OPft^j see [15]. For b in S'^'°(R^''), that coincides with a function on R'' outside a compact subset 
of T*R'^ = R^'^, one has 

(35) ||Op5^(6)-Op^^(&)|U. <c 

\a\<D 

where C and D are some positive constants that depend only on the dimension d. To get a 
positive procedure of quantization on a manifold, one can replace the Weyl quantization by the 
anti-Wick one in definition p3p . This new choice of quantization is well defined for every element in 
S'^'°(r*M) of the form co{x) + c{x, ^ where cq belongs to S^'°(T*M) and c belongs to C^{T*M)n 
S^°{T*M). 

Appendix A. Inverse logarithmic "spectral gap" under a pressure condition 
By Stephane Nonnenmacher and Gabriel Riviere 

In this appendix, we consider the problem ([2]) in the case where the damping function a{x) > 
does not identically vanish. We also make the assumption that the set of undamped trajectories 

M^f]g'{peS*M:a{p)^0} 

is not empty. In this case, it is generally not known whether there exists a strip of fixed width below 
the real axis without eigenvalues of ([2]) . Lebeau showed [20] the existence of an exponentially thin 
strip, meaning that there exists C > such that all eigenvalues r 7^ satisfy 

1 ^,.1 
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Lebeau also constructed a geometric situation where this upper bound is sharp. Yet, it is natural 
to ask whether additional assumptions on the manifold M and on the set of undamped trajectories 
Af allow to improve this upper bound. In this appendix, we apply the techniques developed above 
to prove the following criterium for an inverse logarithmic gap. 

Theorem A.l. Assume the set of undamped trajectories M is a hyperbolic set, and satisfies the 
pressure condition 

(36) Ptop(u,g\^logJ^^ <0. 

Then, there exists a constant C > such that for any eigenvalue t ^ of the problem 1^, one 
has 

c 

Im T < ; — r- . 

- l0g(l + |T|) 

A similar result was obtained by Christianson in jllj , under the assumption that A/" consists in a 
single hyperbolic closed geodesic, and was extended in [12] to the case of a (single) semihyperbolic 
closed geodesic[3 satisfying a nonresonance assumption. In [21] the same result was proved under 
the assumption that the geodesic flow on M is Anosov [TO] . The statement of Theorem lA.ll 
improves the results of [TTJ [23], and it cannot be improved without additional assumptions — 
see the example announced in [3]. In order to obtain a larger gap, one could try to make global 
assumptions on the geodesic flow on M , for instance assume it is of Anosov type. It was conjectured 
in [21] that if the geodesic flow is Anosov and N satisfies the condition (|36|) , then there should be 
a finite spectral gap, namely all eigenvalues r 7^ of the problem ^ should satisiy Im r < — 7 
for some 7 > 0. We refer the reader to [371 [21] for partials results in favor of this conjecture. 

Remark A. 2. The undamped set N can be "lifted" to nearby energy shells, and we will often 
consider defined as in ([7]). Due to the homogeneity of the geodesic flow, the condition ([M)) is 
satisfied on all nonzero energy shells when it is on S*M = p'^^{l/2). 

We now give the proof of Theorem lA.ll 

Proof. We use the semiclassical notations of the introduction and we proceed by contradiction. 
Namely, we assume that there exists a sequence of parameters {hi \, 0)/gi!}, of eigenvalues z[hi) e C 
and normalized eigenvectors -0^,, € L'^(M), so that 
(37) 

r{z{hi),hi)^n,=z{hi)i^n„ z{ni) = l + o{l), 0>^^^^^^^ = o(\\oghi\-^) when/^oo. 

Z III 

To alleviate the notations we will omit the parameter I and just use h, z, tpn. Applying the 
eigenmode equation we directly obtain, for every fixed t > 0, 

—h^^ Imz — ~h^^ lm{tpfi,V{h, z)^fi) 
^{^n,a^n)+Oih) 

Applying the Egorov estimate ([^ . in particular the case described in remark and averaging 
over t e [-r,T], we get 

-ft-i Imz = {^Pn^Opf^ y"^ao5*e-2*^-2/„'aog=rf-rfi^ i:n)+OTih). 

Using the fact that the quantization procedure is almost positive - see ^5.21 - and the fact that 
Imz < 0, one gets the bound 

-n-i Imz>e-2^ll'^ll-(V'a,Op^(2^ j ^aog'dt) iJn)+OT{h). 



semihyperbolic closed geodesic admits at least one positive Lyapunov exponent. 
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We now use the cutoff function Poo G C^(T4o, [0, 1]) introduced in H3.1.2I notice tliat its support 
is at positive distance from A/"*. Using again tliat Opf^ is approximately positive, one finds tlrat 

Imz>e-2^ll'^ll~(?A;,,0p;,(Foo X ^ J a o g'dt^ i^n) + Orih). 

Since Poo is supported away from tlie undamped set , tliere exists T > and oq > (indepen- 
dent of h) sucli tliat 

1 '■^ 



which imphes 

-h-^ Imz>aoe-2^"°"^ (V^r, Op^(Poo) V-ft) + Ot(?i). 
In particular, from our assumption on Im z{h) we get 

(38) {^Pn,Opn{Poo)^Pn) = oi\\ogh\-') . 

To obtain a contradiction we will prove an inverse logarithmic lower bound for the above left 
hand-side. This can be achieved by adapting the argument of Theorem ll.il 

We will use the notations introduced in i j3.1.2l Instead of considering the subset of cylinders 
A„ C VF" in the argument of H'3.2l we will use the full family W", and obtain an upper bound for 

II X! n^V'sll, 

where {W^Y is the complementary of in w"^ . Recall that n = [ko| log is a short logarithmic 
time, for which we may apply Egorov's Theorem and the pseudodifferential calculus. 

The restriction to cylinders in A„ allowed to show that the Birkhoff averages — /q""° ao g'^{p)ds 
were bounded above by PnriQ + 0(1), a property which was crucially used in i j3.2.3l We are now 
interested in the case j3 — Q and a > 0, thus the upper bound — /q ° a o g^[p)ds < obviously 
holds for every point p e T*M. 

Using the hyperbolic dispersive estimate (PT|) applying to the sum over ]¥"■, we obtain the 
analogue of the inequality (l23l) . which is 



I nr^;. >e'=""«^^ (1 + 0(1)). 

re(w'=)<= 

where we also used the fact that Imz — o{h\\ogh\^^). Implementing the same subadditivity 
argument as in ij3.2.31 we find that 

e'=""°^^^(l + o(l)) < II J2 nrVsl < c'=^(l + o(l))e('=-i)""°^|| ^ U^i^n 

Like in i i3.2.4[ this inequality can be rewritten as 

(c'=A:)-i(l + o(l)) < II ^ n^V^ 

76(VK")<= 

and then analyzed through the pseudodifFerential calculus. We obtairF^ 

(39) (c'=fc)-i(l + o(l)) < (Op,( P',)Mn)+0{h;'''). 

7e(H'")<= 

The set {W^Y consists in the cylinders in with at least one index 7^ = 00, so it can be split 
into 

n 

[Wf = |J{r = 7oo7 : 7 e W'^~\ 7 e Ty"-p} . 



^'^Ks in paragraph 13.2.41 the parameter i-'o > will change from line to line meaning that we keep the worst 
remainder term. 



EIGENMODES OF THE DAMPED WAVE EQUATION AND SMALL HYPERBOLIC SUBSETS 



21 



Accordingly, 

n 

Since the family (-Pa)cgfy forms a resolution of identity near we have for any i e M 
E ■P7°3*<1' E ^T°ff* = l' nearS-^/^ 

The approximate positivity of Op^ implies 

n 

(Op;,( ^ P^)^,,^;,) <^(Op,(Pooog(f-"-i)"°)V;.,V';,.)+0(^'^''), 
SO from (1311) we get 

n 

(c'=fc)-i(l + 0(1)) < (Op, (Poo o 5-^"") V'?., Vt.) + 0{tf<>). 
We now again combine the fact that is an eigenmode with the Egorov property, and obtain 

n 

(C^fc)-l(l + 0(1)) < Y { OPr. (Poo e^2f>"oi--~2/r" aog^ds-^^^^ ^ Q^f^u„y 

p=l 

A last application of the fact that a > 0, Imz = o(fi,| log fi,|~'^) and that Op, is almost positive 
implies that 

(c'=fc)-i(l + 0(1)) < n (1 + 0(1)) {OMPoo)^n, ^n) + 0{rf^>). 
Hence, for n = [kq] log?i|] we end up with 

ig^(l + o(l))<(Op,(P„.)^„^.). 

This lower bound establishes the contradiction with Eq. ([55)1 . and shows that our assumption 
luYz{h) — o{h\\ogh\^^) cannot be verified. Translating back to the original setting of ([2]), this 
proves our Theorem. □ 

Remark A. 3. The above logarithmic lower bound on (-0/1, Op, (Poo) holds as well in the 
selfadjoint case for a smooth cutoff function 1 — Poo around an hyperbolic subset A satisfying 
Ptop{A, (7*, log J"/2) < 0. In fact, its proof only used the fact that Im z = 0{h\ log h\~^) and a > 0. 
In this case, this lower bound generalizes the concentration results obtained in [13l [29l [TOj [11] for 
hyperbolic closed geodesies. Yet, it does not say anything on the case of a semihyperbolic orbit 
treated in [TJ]. 
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